We find a new integration transformation which can convert a chirplet function to fractional Fourier transformation kernel, this new transformation is invertible and obeys Parseval theorem. Under this transformation a new relationship between a phase space function and its Weyl-Wigner quantum correspondence operator is revealed.
In the history of developing optics we have known that each optical setup corresponds to an optical transformation, for example, thick lens as a fractional Fourier transformer. In turn, once a new integration transform is found, its experimental implementation is expected, for example, the fractional Fourier transform (FrFT) of a function was originally introduced by Namias as a mathematical tool for solving theoretical physical problems [1, 2] , and later Mendlovic, Ozakatas et al explored its applications in optics by redefining it as the change of the field caused by propagation along a quadratic GradedIndex (GRIN) medium [3, 4, 5, 6, 7, 8, 9, 10, 11] . In this Letter we report a new integration transformation which can convert chirplet function to fractional Fourier transformation kernel, as this new transformation is invertible and obeys Parseval theorem, we expect it be realized by experimentalists.
The new transform we propose here is
which differs from the usual two-fold Fourier transformation
so e 2i(p−x)(q−y) can be considered a basis funtion in p − q phase space, or Eq. (1) can be looked as an expansion of f (x, y) with the expansion coefficient being h(p, q). We can prove that the reciprocal transformation of (1) is
In fact, substituting (1) into the left-hand side of (3) yields
This transformation's Parseval-like theorem is
Now we apply Eq. (1) to phase space transformation in quantum optics. Recall that a signal ψ (q)'s Wigner transform [12, 13, 14, 15] is
Using Dirac's symbol [16] to write ψ (q) = q| ψ , |q is the eigenvector of coordinate Q, Q |q = q |q , [Q, P ] = ih, the Wigner operator emerges from (6),
then
this in the literature is named the Weyl transform, h (q, p) is the Weyl classical correspondence of the operator
Using y + u| = u| e iP y and (
then Eq. (10) becomes
thus through the new integration transformation a new relationship between a phase space function h(p, q) and its Weyl-Wigner correspondence operatorĤ (Q, P ) is revealed. The inverse of (12), according to (3), is
Substituting (14) into (12) we have
Using the Gaussian integration formula (16) in particular, when
with
Eq. (16) becomes
where exp{i tan (19) with (15) we see
where the right-hand side of (20) is just the FrFT kernel. Therefore the new integration transformation (1) can convert spherical wave to FrFT kernel. We expect this transformation could be implemented by experimentalists. Moreover, when we notice
so the transformation (1) is equivalent to
For example, using (7) and (22) we have
so 1 π dp 
we may define Tr ρe i(q−Q)u e i(p−P )v as the Q − P characteristic function. Similarly, 
we name Tr ρe i(p−P )v e i(q−Q)u as the P − Q characteristic function.
In summary, we have found a new integration transformation which can convert chirplet function to FrFT kernel, this new transformation is worth paying attention because it is invertible and obeys Parseval theorem. Under this transformation the relationship between a phase space function and its Weyl-Wigner quantum correspondence operator is revealed.
